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Abstract

The semi-active control of response of a four degree-of-freedom (dof) half-car model traversing at constant velocity a

random road with look ahead preview is considered. The suspension spring is assumed to be hysteretic nonlinear and

modelled by the Bouc–Wen model. The statistical linearization technique is used to derive an equivalent linear model. The

response of the vehicle is optimized with respect to suspension stroke, road holding and control force. The rms values of

the suspension stroke, road holding and control forces are computed using the spectral decomposition method. The results

for the equivalent linear model obtained by the spectral decomposition method are verified using Monte Carlo simulation.

It is shown that the preview control results in a better vehicle performance.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, much research has been carried out in the design of active and semi-active suspensions of
vehicles for better vehicle response. The conventional passive suspension system of road vehicles consists of a
combination of springs and dampers. The characteristics of such suspension elements cannot be altered by
design during operation. In active vehicle suspension systems the external excitation is counteracted with the
generation of a control force depending on the vehicle response through an actuator driven by an external
energy source. However, difficulties in control hardware implementation, high cost and relatively less
robustness restrict the use of active suspensions. The semi-active suspension system is an alternate to the active
suspension system and these systems have been proposed by Karnopp et al. [1]. The semi-active suspension
system can combine the advantages of the active suspension system while providing more robustness to the
suspension performance. Usually in a semi-active suspension system, the actuator is replaced by a rapidly
adjustable damper which acts in parallel with a spring.

Semi-active devices have been used in a variety of applications for vibration control in many areas such as in
the control of building vibration due to earthquakes and wind forces [2], vehicles traversing rough roads [3–5].
The semi-active suspension performance can be improved using future information of the oncoming road
input. Bender [6] was one of the first to propose a preview control scheme for a single degree-of-freedom (dof)
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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vehicle model which was also applied to the preview control of quarter car [7,8] and half-car vehicle models
[9–11]. It was observed that the performance of the vehicle in all aspects can be improved with preview
information. Most of the works concerning vehicular response control with preview of a half-car vehicle
model hitherto has been confined to linear models.

Many authors have modeled the passive suspension elements with linear springs and dampers. However, the
force deformation characteristics of vehicular suspension springs exhibit nonlinear behavior of the hysteretic
type. Many types of hysteresis models have been proposed for the characterization of vehicle suspensions.
Narayanan and Senthil [12] have considered the preview control of a two-dof vehicle model with nonlinear
passive elements such as quadratic dampers and hysteretic stiffness elements. They modeled the hysteretic
nature of these springs by the Bouc–Wen model [13].

The preview control problem involves both feed forward and feed back components. The feed forward
component requires the preview information which is obtained using sensors and the feed back component
requires the suspension system state variables information. Thompson et al. [14] have used the spectral
decomposition method to solve preview control problems applied to vehicle suspensions.

The response of nonlinear systems to random excitation can be obtained using either approximate analytical
or simulation techniques. Yadav and Nigam [15] have used simulation techniques to analyze the response
behavior of nonlinear vehicle models. Analytical methods are preferred wherever possible, due to the large
computational time involved in simulation techniques. The analytical methods include the perturbation,
equivalent linearization and various closure techniques. The equivalent linearization technique is one of the
most widely used techniques in the analysis of nonlinear systems subjected to random excitation [16,17].

In this paper, the preview control of the random response of a half-car vehicle model is investigated. The
vehicle is modeled as a four dof half-car model with passive suspension elements consisting of a damper and
hysteretic type nonlinear spring. The hysteretic nature of the suspension spring is modeled by a Bouc–Wen
model which gives the relationship between the smooth hysteretic restoring force and relative displacement.
The equivalent linearization method is used for obtaining the response of the vehicle. The vehicular response
traversing a rough road with constant velocity is optimized using preview control minimizing a performance
index which is a weighted sum of the front and rear suspension strokes, tyre deflections and control forces. The
random road profile is modeled as the response of a linear first-order filter to white-noise excitation. The rms
values of the front and rear suspension strokes, tyre deflections and control forces are computed using the
spectral decomposition method.

2. Mathematical modeling

2.1. Theoretical formulation

The schematic of a half-car model with nonlinear suspension stiffness and look ahead preview is shown in
Fig. 1. The nonlinearity of the suspension spring is assumed to be of hysteretic type and modeled using the
Bouc–Wen model. The equations of motion of the half-car vehicle model can be expressed as

M €yc ¼ c1ð _y1 � _y2Þ þ a1k1ðy1 � y2Þ � ð1� a1Þk1zf

þ c2ð _y3 � _y4Þ þ a2k2ðy3 � y4Þ � ð1� a2Þk2zr þ u1 þ u2, ð1Þ

I €y ¼ a½c1ð _y1 � _y2Þ þ a1k1ðy1 � y2Þ � ð1� a1Þk1zf �

� b½c2ð _y3 � _y4Þ þ a2k2ðy3 � y4Þ � ð1� a2Þk2zr� þ u1a� u2b, ð2Þ

m1 €y1 ¼ c1ð _y2 � _y1Þ þ a1k1ðy2 � y1Þ � ð1� a1Þk1zf þ ktf ðhf � y1Þ � u1, (3)

m2 €y3 ¼ c2ð _y4 � _y3Þ þ a2k2ðy4 � y3Þ � ð1� a2Þk2zr þ ktrðhr � y3Þ � u2, (4)

€y2 ¼ ½c1ð _y1 � _y2Þ þ a1k1ðy1 � y2Þ � ð1� a1Þk1zf þ u1�dþ ½c2ð _y3 � _y4Þ þ a2k2ðy3 � y4Þ � ð1� a2Þk2zr þ u2�Z,

(5)
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Fig. 1. Half-car model with preview control.
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€y4 ¼ ½c1ð _y1 � _y2Þ þ a1k1ðy1 � y2Þ � ð1� a1Þk1zf þ u1�Zþ ½c2ð _y3 � _y4Þ þ a2k2ðy3 � y4Þ � ð1� a2Þk2zr þ u2�z,

(6)

where

d ¼ 1=M þ a2=J; Z ¼ 1=M � ab=J; z ¼ 1=M þ b2=J, (7)

y2 ¼ yc þ ay; y4 ¼ yc � by, (8)

where y2 and y4 are absolute displacements of the front and rear end of the vehicle body, y1 and y3 are
absolute displacements of the front and rear unsprung masses m1 and m2, respectively, M is the sprung mass, I

is the mass moment of inertia of the vehicle about a centroidal axis, c1 and c2 are front and rear suspension
damping coefficients, a1 and k1 are the front hysteretic suspension spring parameters, a2 and k2 are the rear
hysteretic suspension spring parameters, ktf is the front tyre stiffness, ktr is the rear tyre stiffness, u1 and u2 are
the front and rear control forces and the parameters zf and zr are the front and rear suspension hysteretic
displacements, respectively. The hysteresis displacements are governed by the following equations as per the
Bouc–Wen model:

_zf ¼ �gf j _y2 � _y1jzf jzf j
n�1 � bf jzf j

nð _y2 � _y1Þ þ Af ð _y2 � _y1Þ, (9)

_zr ¼ �grj _y4 � _y3jzrjzrj
n�1 � brjzrj

nð _y4 � _y3Þ þ Arð _y4 � _y3Þ, (10)

where gf ; bf and Af are the parameters of the front hysteretic suspension and gr;br;Ar are the rear hysteretic
suspension parameters. These parameters control the shape of the hysteresis loop. The parameter n determines
the smoothness of the force–displacement curve. Using the equivalent linearization technique [18] Eqs. (9) and
(10) can be represented in equivalent linear form as

_zf ¼ Chf ð _y2 � _y1Þ þ Khf zf , (11)

_zr ¼ Chrð _y4 � _y3Þ þ Khrzr, (12)

where Chf and Khf are the equivalent damping coefficient and stiffness, which are obtained by minimizing the
mean square of the error between Eqs. (9) and (11). These values are given by

Chf ¼ �gg1f � bg2f þ Ahf , (13)

Khf ¼ �gg3f � bg4f , (14)
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g1f ¼
sn

zf

p
G

nþ 2

2

� �
2n=2Fs, (15)

g2f ¼
sn

zfffiffiffi
p
p G

nþ 1

2

� �
2n=2, (16)

g3f ¼
nsð _y2� _y1Þs

n�1
zf

p
G

nþ 2

2

� �
2n=2 2ð1� r2ð _y2� _y1Þzf

Þ
ðnþ1Þ=2

þ rð _y2� _y1Þzf
F s

h i
, (17)

g4f ¼
nrð _y2� _y1Þzf

sð _y2� _y1Þs
n�1
zfffiffiffi

p
p G

nþ 1

2

� �
2n=2, (18)

where

F s ¼ 2

Z p=2

l

sinnydy,

l ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

ð _y2� _y1Þzf

q
rð _y2� _y1Þzf

0
@

1
A,

rð _y2� _y1Þzf
¼

E½ð _y2 � _y1Þzf �

sð _y2� _y1Þszf

,

where sð _y2� _y1Þ is the standard deviation of the front suspension relative velocity. szð�Þ is the standard deviation
of the Bouc–Wen model hysteretic displacement, rð�Þ is the correlation coefficient between relative velocity and
hysteretic displacement and Gð�Þ is the gamma function.

Similarly Eq. (10) can also be written in the approximated linear form as Eq. (12), the subscript r referring to
the rear wheel and the parameters of Eq. (10) are defined by equations similar to Eqs. (13)–(18).
3. State space formulation and control scheme

Eqs. (11) and (12) can be written in state space form as

_z ¼ Azþ GuþD _w, (19)

where

z ¼ ½z1 z2 z3 z4 z5 z6 z7 z8 zf zr�
T (20)

with

z1 ¼ y1 � hf ; z2 ¼ y2 � y1; z3 ¼ y5; z4 ¼ y6

z5 ¼ y3 � hr; z6 ¼ y4 � y3; z7 ¼ y7; z8 ¼ y8

_y1 ¼ y5; _y2 ¼ y6; _y3 ¼ y7; _y4 ¼ y8.

A, G and D are system matrix, control distribution matrix and excitation distribution matrix, respec-
tively and z is the state variable vector, u is the control vector and w is the disturbance vector. These
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are given by

A ¼

0 0 1 0 0 0 0 0 0 0

0 0 �1 1 0 0 0 0 0 0
�ktf

m1

a1k1

m1

�c1

m1

c1

m1
0 0 0 0

ð1� a1Þk1

m1
0

0 �da1k1 dc1 �dc1 0 �Za2k2 Zc2 �Zc2 dð1� a1Þk1 Zð1� a2Þk2

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 �1 1 0 0

0 0 0 0
�ktr

m2

a2k2

m2

�c2

m2

c2

m2
0

ð1� a2Þk2

m2

0 �Za1k1 Zc1 �Zc1 0 �za2k2 zc2 �zc2 Zð1� a1Þk1 zð1� a2Þk2

0 0 cf �cf 0 0 0 0 �kf 0

0 0 0 0 0 0 cr �cr 0 �kr

2
6666666666666666666664

3
7777777777777777777775

, (21)

G ¼

0 0
�1

m1
d 0 0 0 Z 0 0

0 0 0 Z 0 0
�1

m2
z 0 0

2
664

3
775
T

, (22)

D ¼ ½d1 d2�
T, (23)

d1 ¼ ½�1 0 0 0 0 0 0 0 0 0�T,

d2 ¼ ½0 0 0 0 � 1 0 0 0 0 0�T,

_w ¼ ½ _hf
_hr�

T,

hf ðtÞ ¼ Uðt� T1Þ,

hrðtÞ ¼ Uðt� T2Þ,

where hf and hr are unit step road inputs at the front and rear wheels, respectively.
The displacement power spectral density (psd) of the road profile is given by [14]

FðoÞ ¼
cV

o2
, (24)

where c is the road roughness constant, o is the angular frequency and V is the vehicle forward velocity.
Thompson and Davis [19] have given a relation, for linear systems, between the integral squared values of the
response to the unit step input and the mean-squared value of output to random excitation. Using this relation
corresponding to the unit step input the rms values of the response of the half-car model can be obtained.
Henceforth, in further discussion the state vector zðtÞ corresponds to the response to the step excitation
considered equivalent to the random road input given by the psd of Eq. (24). The rms values of the state vector
zðtÞ and the control force uðtÞ are given by [14]

hzðtÞzTðtÞi ¼ 2pcV

Z 1
0

zðtÞzTðtÞdt, (25)

huðtÞuTðtÞi ¼ 2pcV

Z 1
0

uðtÞuTðtÞdt. (26)
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3.1. Optimal preview control law

The optimal suspension is designed using the optimal control law which is derived by minimizing the
weighted sum of the front and rear tyre deflections, suspension strokes and the control forces. The
performance index J is given by

J ¼

Z 1
0

½r1u
2
1 þ r2u

2
2 þ q1ðy1 � hf Þ

2
þ q2ðy1 � y2Þ

2
þ q3ðy3 � hrÞ

2
þ q4ðy3 � y4Þ

2
�dt, (27)

where r1;r2; q1; q2; q3 and q4 are appropriate weighting factors. The performance index can be written as

J ¼

Z 1
0

ðzQzT þ uBuTÞdt, (28)

where

Q ¼ diag½q1 q2 0 0 q3 q4 0 0 0 0�,

B ¼ diag½r1 r2�.

The optimal preview control force is given by

uðtÞ ¼ F bzðtÞ þ Ff rðtÞ, (29)

where

F b ¼ �B�1GTS, (30)

F f ¼ �B�1GT (31)

and S is the positive definite solution of the matrix Riccati equation given by

ATS þ SA� SGB�1GS þQ ¼ 0. (32)

Substituting Eqs. (29)–(31) in Eq. (19) we get

_z ¼ Acz� GB�1GTrðtÞ þD _w, (33)

Ac ¼ A� GB�1GTS. (34)

In Eq. (29), rðtÞ is a vector governed by

_rðtÞ þ Acrþ SD _w ¼ 0. (35)

3.2. Spectral decomposition

Eqs. (33) and (35) can be written in composite form as

_z

_r

� �
¼

Ac �GB�1GT

0 �AT
c

" #
z

r

� �
þ

D

�SD

� �
_w. (36)

The above coupled equations can be changed to uncoupled equations by converting the system equations to a
diagonal form. The eigenvalues and eigen vectors are determined as

Ac �GB�1GT

0 �AT
c

" #
V 11 V 12

0 V 22

" #
¼

V 11 V12

0 V22

" #
l 0

0 �l

� �
. (37)



ARTICLE IN PRESS
L.V.V. Gopala Rao, S. Narayanan / Journal of Sound and Vibration 310 (2008) 352–365358
Using the above equation we can write the submatrix Ac in the spectral decomposition form as V�111 AcV11 ¼ l.
Let V�111 ¼ U11 and

xa

xb

" #
¼

U11 U12

0 U22

" #
z

r

� �
(38)

by substituting Eq. (38) in Eq. (36) we obtain

_xa

_xb

" #
¼

l 0

0 l

� �
xa

xb

" #
þ

U11 U12

0 U22

" #
D

�SD

� �
_w. (39)

Solution of Eq. (39) is obtained as

xa

xb

" #
¼

elt 0

0 �elt

" #
x0a

x0b

" #
þ

x1a

x1b

" #
Uðt� T1Þ þ

x1a

x1b

" #
Uðt� T1Þ

 !
, (40)

where UðtÞ is the unit step function.

4. Results and discussion

The half-car vehicle model with the following parameters is considered as an example.
M ¼ 730 kg, I ¼ 1230 kgm2, m1 ¼ 40 kg, m2 ¼ 35:5 kg, c1 ¼ 1290Ns=m,
c2 ¼ 1620Ns=m, k1 ¼ 19960N=m, k2 ¼ 17500N=m, ktf ¼ 175; 500N=m,

ktr ¼ 175; 500N=m, a ¼ 1:011m, b ¼ 1:803m, c ¼ 10�5 m, q1 ¼ q3 ¼ 10,

q2 ¼ q4 ¼ 10, r1 ¼ r2 ¼ 0:5� 10�8.
The Bouc–Wen model parameters are assumed to be
Af ¼ Ar ¼ 1:5, gf ¼ gr ¼ 0:5, bf ¼ br ¼ 0:5, a1 ¼ a2 ¼ 0:2.
4.1. Spectral decomposition

In the following the results obtained based on Eqs. (25) and (26) and the spectral decomposition method
given in the previous section are presented and discussed.

In Fig. 2 the overall performance is plotted as a function of the preview distance for various velocities. It is
seen from the figure that the overall performance improves with increasing preview distance but saturates
beyond a particular preview distance. Thus there is a limiting preview distance beyond which the benefit of
preview control saturates. This distance increases with increase in vehicle velocity.

Fig. 3 shows the rms front wheel deflection for different vehicle velocities as a function of preview distance.
It is seen from the figure that the performance of the vehicle with respect to the front wheel vehicle deflection is
improved with preview control. It is also observed that the performance saturates with increasing preview
distance and beyond a particular distance the performance actually deteriorates indicating an optimum
preview distance with respect to front wheel vehicle deflection.

Fig. 4 shows the rms values of the rear wheel deflection as a function of the vehicle velocity for different
preview distances. It is observed that the preview control does not have significant influence on the rear wheel
deflection as with preview and without preview the response is almost the same. This is natural to expect since
the rear wheel is further away from the preview sensor and the effect of preview control tapers off with
increase in preview distance.

Figs. 5 and 6 show the rms front wheel and rear wheel travel, respectively, as function of the vehicle velocity
for different preview distances. It is seen that the performance with respect to front wheel travel significantly
improves with increase in preview distance for all velocities while with respect to rear wheel travel, for lower
velocities there is no improvement in performance, while at higher velocities the performance improves.
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Figs. 7 and 8 give the control effort required at the front and rear wheel, respectively, for different preview
distances. It is obvious to expect the control effort required that will increase with the increase in preview
distance. This is so, for both the front and the rear wheel, but this increase is more in respect of the front wheel
as compared to the rear wheel.

4.2. Monte Carlo simulation

To verify the results obtained by the spectral decomposition method with the equivalent step excitation for
the random road input and to verify the equivalent linearization technique Monte Carlo simulation studies are
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carried out. The method given by Shinozuka and Jan [20] is used to generate time histories of the front wheel
road input hf ðtÞ corresponding to the power spectral density function given in Eq. (24). The time histories are
generated by the following series:

hf ðtÞ ¼
ffiffiffi
2
p XN

k¼1

½ShðokÞDo�
1
2 cosðo0k þ fkÞ, (41)

where ShðokÞ ¼ 2FðokÞ is the one-sided power spectral density function at frequency ok, with
ok ¼ ol þ ðk �

1
2
ÞDo; k ¼ 1; 2; . . . ;N; o0k ¼ ok þ do; k ¼ 2; . . . ;N and Do ¼ ðou � olÞ=N with N being

the number of equal intervals in which the frequency interval is divided. do is a small random frequency
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uniformly distributed between �Do0=2 and Do0=2 with Do05Do introduced to avoid the periodicity of the
process which is simulated. fk’s are independent random phase angles uniformly distributed in the interval 0
to 2p. ol and ou are respectively the lower and upper cut-off frequencies. The time history hf ðtÞ is generated
with N ¼ 1000, ol ¼ 0;ou ¼ 2p� 100 rad=s, Do0 ¼ 0:05Do.

From the generated time history hf ðtÞ the power spectral density function of the road input is obtained by
using the MATLAB function ‘psd’ and is compared with the target power spectral density corresponding to
Eq. (24) in Fig. 9 showing good agreement between the target psd and the simulated psd. The rear wheel road
input hrðtÞ is obtained as the time delayed front wheel input hf ðt� L=V Þ. The equations of motion (3)–(8) with
the nonlinear equations of the Bouc–Wen model equations (9) and (10) are numerically integrated with the
control input given by Eq. (29). The control input uðtÞ is the same as obtained by using Eqs. (30) to (35) for the
equivalent linear model. The response statistics, rms front wheel travel, rms rear wheel travel, rms front tyre
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Fig. 8. Variation of the rms rear wheel control force with velocity (Pd ).

Fig. 9. Simulated and target psd of road profile.
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deflection, rms rear wheel deflection are obtained from the generated time histories without preview control
and with preview control for a preview distance of Pd ¼ 2m. These are plotted in Figs. 10–13 by the symbols
‘�’ and ‘%’ along with the results obtained by the equivalent linearization method. The agreement between the
Monte Carlo simulated results and the results of the equivalent linearization method is very good validating
not only the equivalent linearization technique but also the equivalent step input assumed for the random road
excitation.

5. Conclusions

Active control of the response of a four degree of freedom half-car model with nonlinear suspension system
which consists of dampers and hysteretic type nonlinear springs has been considered. The hysteretic nature of
the suspension spring has been modeled by a Bouc–Wen model. The equivalent linearization method is used to
obtain appropriate response statistics of the vehicle which is included in the control formulation. The random
road excitation is equivalently modeled by an equivalent step input [14]. The spectral decomposition method is
used to obtain the control gain matrix and the vehicle response.

The overall performance of the vehicle improves with preview control as compared to the performance
without preview control. But the improvement with performance saturates beyond a preview distance.
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Fig. 11. Rms front wheel travel response with equivalent linearization (Pd ¼ 0m ‘�’; Pd ¼ 2m ‘� �’) and simulation (Pd ¼ 0m ‘�’;

Pd ¼ 2m ‘%’).

Fig. 12. Rms front wheel deflection response with equivalent linearization (Pd ¼ 0m ‘�’; Pd ¼ 2m ‘� �’) and simulation (Pd ¼ 0m ‘�’;

Pd ¼ 2m ‘%’).

Fig. 10. Rms front wheel travel response with equivalent linearization (Pd ¼ 0m ‘�’; Pd ¼ 2m ‘� �’) and simulation (Pd ¼ 0m ‘�’;

Pd ¼ 2m ‘%’).
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The performance with respect to individual vehicle responses such as front wheel tyre deflection, rear wheel
tyre deflection, front wheel travel and rear wheel travel also improve with preview control. In these cases also
the saturation in performance beyond a preview distance is observed. Hence, it is necessary to choose the
preview distance judiciously as the control effort increases with increasing preview distance. It is also seen that
the performance improvement with preview control is more perceptible in the case of front wheel responses
than rear wheel responses. The rms front wheel travel performance improves with increasing preview distance
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Fig. 13. Rms rear wheel deflection response with equivalent linearization (Pd ¼ 0m ‘�’; Pd ¼ 2m ‘� �’) and simulation (Pd ¼ 0m ‘�’;

Pd ¼ 2m ‘%’).
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with the improvement saturating as mentioned earlier. The rms rear wheel travel performance with preview
control scheme is better than the zero-look ahead preview. But the rms rear wheel travel deflection
performance is almost the same in both look ahead preview and zero-look ahead preview cases.

The equivalent linearization model and the equivalent step road input assumption are validated by Monte
Carlo simulation by generating the road input compatable with the power spectral density function and
numerically integrating the equations of motion with the nonlinear Bouc–Wen model.
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